Abstract. Let (Tt)l>0 be a symmetric contraction semigroup on the spaces U(M)
Let " § be a positive, possibly unbounded, but with dense domain, operator on L2(M), where A7 is a ex-finite measure space. Let {7^} be the spectral resolution of the identity for which /»OO 3f= \ kdPj V/6Dom(f). We assume throughout that each Tt has the contraction property \\Ttf\\p< UWp vfeL2(M)nL»(M) whenever 1 <p<oo. We also assume for convenience that the spectral projection Po is trivial on LP(M) whenever 1 < p < oo. The theory can readily be modified to take into account the possibility that Po is nontrivial, but the statements become more complicated; we find the extra generality does not merit the extra complexity. A semigroup (Tt)t>0 with the above properties will be called a symmetric contraction semigroup.
A symmetric contraction semigroup (Tt)t>o for which Tt maps LX(M) into L°°(M) for every positive t is said to be ultracontractive. The notion of ultracontractivity appeared compatively recently in work of E. B. Davies [4] and Davies and B. Simon [6] , in connection with logarithmic Sobolev inequalities (see also L. Gross [7] ). N. T. Varopoulos [16] developed a Hardy-Littlewood theory for semigroups. In particular he proved, under stronger assumptions on the semigroup (7¡)r>o and on the underlying measure space M, that an estimate of the form (0.1) \\Ttf\\oo < Ar»\\f\\i VAeR+,V/GL'(A/)
for some p greater than 1 is equivalent to the boundedness of the "Riesz potential operator" &~xl2 from L2(A7) to L"(M), where 1/2 -l/q = 1/(2//). Varopoulos proved the hard part of this result (namely, that the boundedness of S'~xl2 implies ultracontractivity) using an extension to the abstract semigroup setting of the iterative process of J. Moser [10, 11] for parabolic equations. Davies [5, Theorem 2.4.2] gave a different proof which relies on the relationship between logarithmic Sobolev inequalities and ultracontractivity. Other simplifications have been discovered by E. A. Carlen, S. Kusuoka, and D. W. Stroock [1] , who related ultracontractivity to Nash inequalities, and by T. Coulhon [2] , who also formulated versions of the equivalences for the case when ll^/Hoo < C0r"\\fh va e (0, for some increasing function (j>: R+ -> R+, and A equal to 1. For a fixed function 4>, the semigroups which satisfy (0.2) (for any A in R+) will be called r/>-ultracontractive. Note that multiplying the measure on the underlying measure space by a constant factor amounts to varying A ; the definition of r/>ultracontractivity is thus independent of such a change of measure. Davies' work [5] concerns these general semigroups. It is interesting to speculate how such more general ultracontractive estimates may be related to inequalities of Sobolev type. Examples such as heat diffusions on hyperbolic spaces suggest that exponential growth of 4> is related to "spectral gap" phenomena, and rather different sorts of results are to be expected from those in the classic example of heat diffusion in Euclidean space, when (f> grows polynomially. In this paper, we present a version of the equivalence of various Sobolev immersions and ultracontractivity, under hypotheses which include the polynomial growth of (f>, which clarifies the underlying function theory. Our results are more general than those of the authors mentioned above; in particular, we can deal with more general 4> than the previous workers (except Davies, and our proofs are simpler than his, as we do not require that T, preserve positivity for all a in R+ , nor do we use logarithmic Sobolev inequalities), and we include in our equivalences a weak-type Sobolev embedding which has apparently not been noted before.
Let m be a complex-valued, Borel measurable function on R+ U {0}, and take t in R+ . The "multiplier operator" m(t&) is then defined on L2(M) by the rule m(t&)f -J0°° m(tk) dPxf, whenever / is in the appropriate domain.
In particular, we denote the operator m(lS?) by m(3?). We develop a functional calculus for infinitesimal generators of symmetric contraction semigroups satisfying (0.2). We prove that under suitable conditions of "Hörmander type" on the function m, the operator m($?) is bounded from W(M) to Lq(M), when 1 < p <q < oo. (More precisely, m(S?) maps IS (M)nDom(m(g?)) into Lq(M), and extends uniquely to a continuous map from LP(M) to Lq(M).) We complement and develop the theory of E. M. Stein [13] , Cowling [3] and Meda [9] , who examined the case where p = q .
For any nonnegative a we may define, at least formally, the maximal operator m*¡a(S?) associated to the family (m(t&))t>o by the formula m*,a(2?)f = sup \tam(tS?)f\.
In the case where m(X) = exp(-A), we write r*a instead of m*ta(2?). One of the main results of this paper is that, for a symmetric contraction semigroup satisfying condition (0.1 ) above, the maximal operator T,<a is of weak type (1, r), when 1 < r < oo and 1 -1/r = a/p.
We shall present our results in four sections. In the first, we consider ultracontractivity, and relate this to estimates for the resolvent of 2?. We show that, when </> and y/ are "regularly related", an estimate of the form (0.2) is equivalent to one of the form \\Ttf\\q < AJ>(t)-a\\f\\p VA e R+, v/e L"(M), for some or all p, q, and a such that 1 < p < q < oo and a = l/p -l/q, and is also equivalent to ones of the form
for some or all p , q , and a such that 1 < p < q < oo and a = l/p -l/q . In §2, we examine multiplier results for (/»-ultracontractive semigroups. With the additional hypothesis (often verified) that there is a positive number o such that
we prove Hörmander-like multiplier theorems: if tf> and ip are regularly related, and An : R+ -> C satisfies the hypothesis that \Xk(d/dk)km(X)\ < Cip(X)~a VAeR+,VAce{0, 1,...,*} where x is an integer no less than rr/2 + 1, then m(&) is of weak type (1, r) and of strong type (p, q), when l<r<oo, 1 < p < q < oo and a = l-l/r = l/P -l/q • These results generalize work of the second-named author [9] , who proved Hörmander-type theorems for symmetric contraction semigroups. In §3, we establish various results about maximal functions. In particular, we show that for /¿-ultracontractive semigroups, Tt>a is of weak type ( 1, r) when 1 < r < oo and 1 -1/r = a/p, i.e., suplíT^.)! <C\\f\\x \/f£Lx(M).
Further, Tt<a is of strong type (p, q) when 1 < p < q < oo and l/p -l/q = a/p.
In §4, we consider generalizations of the preceding results. There are interesting semigroups for which the appropriate ultracontractivity estimate is the following:
117,/Hoo < ¿ri/H, W € (0, 1], V/£ LX(M).
We give versions of our results for these semigroups. A little notation might be in order. The usual Lebesgue and Lorentz spaces on the measure space M are denoted IS(M) and Lp'q(M) respectively. A convenient reference for these is the book by Stein and G. Weiss [14] . The norm of a bounded linear operator T on one of these spaces will be denoted by 11|T\\\p or by |||7'|||/))i respectively. An operator which is bounded from LP(M) to Lq(M) or from IS(M) to Lq'°°(M) is said to be of strong type (p, q) or of weak type (p, q) respectively. The corresponding norms are denoted by |||71llp;i and |||r|||p;9>00 . We denote the sector {zeC: | arg(z)| < co} by Tw , the halfplane Tn/2 by T, and the space of bounded holomorphic functions on the domain Q, by H°°(Q,). Constants will be denoted with the letters A , B , and C, sometimes with subscripts. The same symbol may be used to denote different constants.
We conclude our introduction by recalling one of the principal results of Cowling [3] . Let (Tt)t>o be a symmetric contraction semigroup on a cr-finite measure space M, with generator &, and suppose that 1 < p < oo. This is an easy improvement of a result of Stein [13, Corollary 4, p. 121 ]. This paper was begun while the first author was visiting the Université di Trento, and completed while the second author was visiting the University of New South Wales. Both authors wish to express their gratitude to the host institutions for their kind hospitality. The referee of the first version of this paper brought some recent papers to our attention and thereby stimlated some improvements; we thank him or her for these references. If r > 1, we may write the integral as a sum of an integral between 0 and 1 and one between 1 and t. The first of these (with the term tve) expands as a convergent series of the form Y^=o ant"e~n, in which «o > 0, while Lebesgue's dominated convergence theorem shows that the second integral (without the term tv0) tends to /1°cexp(-o-)o'6'(/i_I')_1 do. Consequently, (f>g is equivalent to d)e . By using the properties of the Laplace transform, it is easy to show that Ve -V~e > concluding the proof of (a).
To prove (b), it again suffices to consider the last condition only, as the others hold trivially. The function (¡>g is taken to be t ^ te>l lo%(K + t)e" , for a sufficiently large value of K (whose size will be explained later). Then, if r is in R+ and co is in (-n/2, n/2), 
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If K is so large that log(ÄT + te~,0)) has argument of absolute value less than n / 6 ( 1+16 v | ), for all t in R+ , then the argument of the integrand lies sufficiently close to 0 that the real part of the integrand is always positive and at least one half of the absolute value. Then it follows that
i.e., that ipg(rel(0) is comparable to J™e-rtt6lx-x\log(K + te-i01)6v\dt,wnicb in turn is easily seen to be comparable to /0°° e~rtt8fl~ ' log(K +1)6" dt and then to y/(re'w)~e , as required. O It might well be possible, and worthwhile, to find simpler function theoretic criteria for describing such pairs.
Here is our first main theorem. (a) ||rt/|U<^(0-'||/lli VteR+,VfeLl(M);
(b) for all p, q and a such that 1 < p < q < oo, and a= l/p -l/q, \\Ttf\\q < A'4>(t)-a\\f\\p VA € R\ V/e Lp(M);
(c) there exist p, q and a such that 1 <p < q < oo, a= l/p -l/q, and \\Ttf\\q < A'4>(t)-a\\f\\p VA £ R+, V/e U>(M);
(d) for all r and a such that I < r < oo, and a = I -l/r,
(e) for all p, q and a such that 1 < p < q < oo, and a = l/p -l/q, \\v(&raf\\q<Cp,q\\f\\P \lf£Lp(M);
(f) there exist p, q and a such that 1 < p < q < oo, a = l/p -l/q, and \M&raf\\q < C\\f\\p V/ei'(M);
(g) there exist p, q and a such that 1 < p < q < oo, a = l/p -l/q, and \\v(&raf\\q,oo<c\\f\\p v/aw
Remark. Note that we are assuming in (a) that A(p(t)~x > \\\Tt\\\i.>00 for all t in R+ , but not that equality holds. Similar comments apply about (b) and (c).
Proof. By interpolating between the estimates \\Ttf\\r < H/ll, VA€R+,V/€L'(A7) and It^/llco < <l>{t)-\\f\\\ v/ G R+, V/ e LX(M), using the complex interpolation method, it is easy to show that (a) implies (b). Similarly, by using the real interpolation method between (d) and its dual estimate, namely
it can be shown that (d) implies (e), and that the constant in (e) depends linearly on that in (d). Trivially, (b) implies (c), (e) implies (f), and (f) implies (g). We shall complete our proof by showing that (c) implies (a), (a) implies (d), and (g) implies (c). These three implications will be entitled Lemma 1. for some p, q, and a satisfying 1 < p < q < oo, and a = l/p -l/q . Then ll^/lloo < QXO"1 11/111 vr e R+, v/ e LX(M).
Proof. Suppose that 1 <p<q<oo, and that \\TJ\\q < <t>(t)-a\\f\\P Vf £ L"(M), VA £ R+.
For T in R+ and / in Lx(M)nLq(M), denote by K(T, f) the real number s»pí<™k.
0<«A 117 111 Define 9 in [0, 1] by the condition l/p = 6/1 + (1 -6)/q, from which it follows that a = l/p -l/q = 6/q'. By Holder's inequality, \\tj\\p < \\Ttf\\ex\\Ttf\\x-e < \\\m\ex\\f\\ex\\Tj\\xq-\
and so
(f>(t)
The right-hand side of this last expression is independent of / in LX(M) n Lq(M) and T in R+ , so it follows that \\Ttf\\q < Cll{eq,)Cx<p(t)-{lq' 11/11, V 6 V(M),Vt £ R+. [8] . Both theorems assert that if certain operators are of strong type (p, q) (or of weak type (p, q)) for certain values of p and q, then they are automatically of strong type (p, q) for a range of p 's and q 's, and of weak type ( 1, r) at the end of the range of these p 's and q 's.
We now present some consequences of Theorem 1.2. Corollary 1.5. Suppose that (e~'^)t>o is a symmetric contraction semigroup, and that ((f>, \p) is a regularly related pair. If 6 is in (0, 1 ), and (¡> = (pxl6, then the subordinated semigroup (e~t9 )t>o is ^-ultracontractive if 'and only if (e~'^)t>o is ^-ultracontractive. Proof. This is an immediate consequence of Theorem 1.2. For details of subordination, see, e.g., the book of K. Yosida [17] . □ It is not clear whether this result is true for general ultracontractive semigroups.
We shall not state our other corollary formally, but merely remark that for semigroups which satisfy estimates of the form 2. Ultracontractivity and "multiplier operators"
Here again, & is the generator of a (^-ultracontractive symmetric contraction semigroup (Tt)t>o , and (<p, \p) is a pair of regularly related functions, as defined in § 1. Our concern is to find conditions on the function m in order that the operator m(&) extends to a bounded operator from LP(M) to Lq(M) for suitable p and q . The case where p = q (in which m is taken to be bounded) has already been treated. The first general result in this direction was obtained by Stein [13, Corollary 3, p. 121] and then refined and generalized by the firstnamed author [3, Theorem 3] . Our treatment here is based on the techniques employed in the second-named author's paper [9] . In particular, our first result, Theorem 2.1, is from [9] , though the proof we give here is a little different.
Given a positive integer N, we denote by m^(t, X) the function defined by the rule mN(t, X) = (tX)Ne-a/2m(X) W 6 R+ , VA 6 R+, and by JfTmx the Mellin r-transform of aajjv with respect to the second variable, i.e., The smallest constant C for which this inequality holds is called the Hörmander (a, £)-constant of m . Similar conditions were introduced in Hörmander [8] .
Note that our condition implies that sup^>0 \y/(X)am(X)\ < 2C. Proof. This proof is a straightforward modification of that of Corollary 2.4, using Corollary 2.3 rather than Corollary 2.2 to bound the "middle factor". It is perhaps worth noting explicitly that the analyticity of ip implies that its derivatives can be controlled-using Cauchy's integral formula for holomorphic functions, one sees that \XJd^y/(k)/dXJ\ is of comparable size to ip(X), for any positive integer j . D and some a in (0,p). Then m\f §) extends to an operator of strong type (p, q) if I < p < q < oo and a = l/p-l/q, and to an operator of weak type (1, r) if 1 < r < oo and a= l-l/r. Proof. It is obvious that if m satisfies the condition of the corollary, then it satisfies a Hörmander condition of order (a, x), so the result follows from Corollary 2.5. D
Ultracontractivity and maximal operators
In this section, we deal with semigroups (Tt)t>o satisfying an estimate of the form \\T,f \\oo < Ar"\\f\\i V/ £ R+, V/ g LX(M) for some positive p . We call such semigroups /¿-ultracontractive.
It is probably worth pointing out explicitly that Varopoulos (and some other authors) use p/2 rather than p . This is because the index which appears when one studies the heat equation on a Euclidean space Rd is d/2. However, if one considers the Poisson semigroup on the same space, then the appropriate index is d, and this example indicates that there is no ideal notation. We prefer our notation as it leads to cleaner formulae. For every fixed positive t the family (a(<5)(^))Re<5>o admits an analytic continuation to the whole complex plane (see Stein [13, p. 77] The case where a = 0 was treated in Theorem 6 of Cowling [3] , so we assume that a ^ 0. An easy calculation shows that if Re ô > 0 and 0 < Re a < 1, the Mellin a-transform of the function a^ is given by
Notice that by the asymptotics for the T-function, the integral \ytaa^](u)\\Wiu\\\pdu / is convergent for all p in ( 1, oo), provided that a ^ 1 or a = 1 and â = 0. Corollary 3.2. Assume that & is the generator of a p-ultracontractive symmetric contraction semigroup. Then if 0 < a < 1 and ô is in C, the maximal operator ai;a(&) is of strong type (p, q) for all p, q such that 1 < p < q < oo and l/p -l/q = a/p, and it is of weak type (1, r) when 1 < r < oo and 1 -1/r = a/p.
Proof. Immediate from Theorem 3.1 and the above computations. D It is possible to formulate a more general version of this result; we do so, although we do not know any immediate applications. A further generalization replaces tp(t)ß with h(t) and y/(X)~ß with k(X), for other functions h and Ac. The proof is almost the same as that of Theorem 3.1, and we omit it. Other mixed norm estimates can be obtained by the methods developed in the present section: details and applications will be given elsewhere.
Further generalizations
The aim of this section is to present some extensions of the theory developed in the first three, and a few comments. To motivate the generalizations, let us observe that there are many "natural" ultracontractive semigroups for which lililí I i~-oo behaves polynomially for small / but not for large t. For example, heat diffusion on a compact manifold or on a hyperbolic manifold both give rise to semigroups such that, if (p(t)~x = |||7)|||,;oo for all t in R+, then (p cannot be one of a regularly related pair of functions. One family of extensions arises from the remark after the enunciation of Theorem 1.2.
Given positive numbers a and e we consider the "Bessel potentials" (z + &)~a. Notice that 1 Z"00 dt (e + ?y« = -±-t°e-<"Tt^.
W Jo t
It is intuitively obvious that the behaviour of (e + &)~a is related to the behaviour of Tt for small values of t, and the rest of our paper illustrates this. (c) for all p, q, a and e such that 1 < p < q < oo, a = p(l/p -l/q), and 0 < e < oo, ||(e + $yaf\\q < C,,g,,||/||p V/ g Lp(M) ;
(d) there exist p, q, a and e such that 1 < p < q < oo, a = p(l/p -l/q), 0 < e < oo, and ||(e + ^)-a/ll?<C||/||p V/eL'W;
(e) there exist p, q, a and e such that 1 < p < q < oo, a = p(l/p -l/q), 0 < e < oo, and ||(e + ^rQ/lkoo<C'|L/0, Vf£Lp(M). It should be quite obvious by now that multiplier results and maximal theorems for /i-ultracontractive operators can be extended to semigroups satisfying (4.1). We give two more such results without proofs. It will not be hard for the interested reader to supply them by adapting the proofs and ideas above.
Here is a version of Corollary 2.4, and an extension of Theorem 3.1. We retain the notation therein. We conclude by observing that the following "parabolic Harnack inequality" holds. This result should be compared with Theorem M of Varopoulos [15] . Note that we do not make any positivity assumption on the semigroup (Tt)t>o or "regularity assumptions" like those of Varopoulos [16] . Proposition 4.4. Assume that (Tt)t>o isa (^-ultracontractive symmetric contraction semigroup, and that f is in L2(M). Define u: M x R+ -» C by the rule u(-, t) = Ttf(-) for every positive t. Then ||«(-, l)IU<cJ / / \u(x,t)\2dxdt) .
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